Abstract. Differential subordination and superordination preserving properties for univalent functions in the open unit disk with an operator involving generalized Bessel functions are derived. Some particular cases involving trigonometric functions of our main results are also pointed out.
Introduction and some preliminary results
It is known that the generalized hypergeometric functions play an important role in geometric function theory, especially in the solution by de Branges of the famous Bieberbach conjecture. Motivated by this, geometric properties (like univalence, starlikeness, convexity) of different types of hypergeometric functions were investigated by many authors. For example, Miller and Mocanu [11] employed the method of differential subordinations [10] to investigate the local univalence, starlikeness and convexity of certain hypergeometric functions. Moreover, it is worth mentioning that, motivated by the results of Miller and Mocanu, further results on hypergeometric functions were obtained by Ponnusamy and Vuorinen [15, 16] . Motivated by the above mentioned results some similar developments were also made for the so-called generalized Bessel functions [1, 2, 3, 4, 5, 6, 7, 8, 13] . In this paper we make a further contribution to the subject by showing some differential subordination and superordination results for an operator involving the generalized Bessel functions of the first kind.
The generalized Bessel function of the first kind w = w p,b,c is defined as the particular solution of the second-order linear homogeneous differential equation [2, 4] (1.1)
which is natural generalization of Bessel differential equation. This function has the representation
, where b, p, c, z ∈ C and c = 0. The differential equation (1.1) permits the study of Bessel, modified Bessel and spherical Bessel functions all together. Solutions of (1.1) are referred to as the generalized Bessel function of order p. The particular solution given by (1.2) is called the generalized Bessel function of the first kind of order p. Although the series defined above is convergent everywhere, the function w p,b,c is generally not univalent in the open unit disk D = {z ∈ C : |z| < 1}. It is worth mentioning that, in particular, when b = c = 1, we reobtain the Bessel function of the first kind w p,1,1 = J p , and for c = −1 and b = 1, the function w p,1,−1 becomes the modified Bessel function of the first kind I p . Now, consider the function u p,b,c : C → C, defined by the transformation
By using the well-known Pochhammer (or Appell ) symbol, defined in terms of the Euler gamma function,
and (a) 0 = 1, we obtain for the function u p,b,c the following representation
where p + b+1 2 = 0, −1, −2, . . .. This function is analytic on C and satisfies the second order linear differential equation
denote the class of analytic functions defined in D, and for n ∈ N and a ∈ C let H[a, n] consist of functions f ∈ H of the form f (z) = a + a n z n + a n+1 z n+1 + . . .. Let f and F be members of H. The function f is said to be subordinate to F, or F is said to be superordinate to f , if there exists a function w analytic in D, with |w(z)| ≤ |z| such that f (z) = F (w(z)). In such a case, we write f ≺ F or f (z) 
. .. We mention that for this operator the next identity is valid
In this paper some subordination and superordination preserving properties for univalent functions in the open unit disk associated with the above operator will be derived. The paper is organized as follows: this section contains the definitions and some preliminary results which will be used in the sequel. Section 2 contains the main results together with their consequences, while section 3 is devoted for the proofs of the main results. We note that very recently some other differential subordination and superordination results on the above operator were obtained in [7] .
The following definitions and lemmas will be used in our present investigation. For more details see [9, 10, 12] . 
then p is called a solution of differential subordination (1.4). A univalent function q is called a dominant of the solutions of differential subordination (1.4), or more simply a dominant, if p ≺ q for all p satisfying (1.4). A dominantq that satisfiesq ≺ q for all dominants q of (1.4) is said to be the best dominant of (1.4).
Definition 2. [9]
Let ϕ : C 2 → C, and let h be analytic in D. If p and z → ϕ(p(z), zp ′ (z)) are univalent in D and satisfy the differential superordination
then p is called a solution of differential superordination (1.5). An analytic function q is called a subordinant of the solutions of differential superordination (1.5), or more simply a subordinant, if q ≺ p for all p satisfying (1.5). A univalent subordinantq that satisfies q ≺q for all subordinants q of (1.5) is said to be the best subordinant (1.5).
Definition 3. [10]
Denote by Q the class of functions f that are analytic and injective on D\E(f ), where
and f is such that f ′ (ζ) = 0 for ζ ∈ ∂D\E(f ).
The following preliminary results which will be used in the sequel are some known results on admissible functions. Lemma 1. [10] Suppose that the function η : C 2 → C satisfies the condition
Lemma 2.
[14] Let β, γ ∈ C with β = 0, and let h ∈ H(D) with h(0) = c. If
for all z ∈ D, then the solution of the differential equation
with q(0) = c is analytic in D and satisfies
Lemma 3.
[10] Let p ∈ Q with p(0) = a, and let q(z) = a + a n z n + . . . be analytic in D with q(z)
We will use also the concept Loewner subordination chain, which is defined as follows.
The next results are also useful in order to obtain the main results of this paper.
is a subordination chain and
implies that q(z) ≺ p(z). Furthermore, if ϕ(q(z), zq ′ (z)) = h(z) has a univalent solution q ∈ Q, then q is the best subordinant.
Lemma 5. [9]
The function (z, t) → L(z, t) = a 1 (t)z + . . ., with a 1 (t) = 0 and lim
is a subordination chain if and only if
Re z∂L(z, t)/∂z ∂L(z, t)/∂t > 0 for all z ∈ D, 0 ≤ t < ∞.
Main results and their consequences
Our first main result is the following theorem.
, c ∈ C with c = 0 and p, b ∈ R be such that κ > −1. Let also
and suppose that
where
.
Then the subordination condition
Moreover, the function z → B κ+2,c (g(z))/z is the best dominant. Now, choosing λ = 0 in the above theorem, we have the following result.
Corollary 1.
Let c ∈ C with c = 0, f, g ∈ A and suppose that p, b ∈ R are such that κ > −1. Consider also the function Ψ : D → C, defined by Ψ(z) = B κ+1,c (g)(z)/z, and suppose that the condition
Moreover the function z → B k+2,c (g)(z)/z is the best dominant.
Taking into account the above results, we have the following particular cases. Choosing f (z) = z 1 − z and g(z) = z + az 2 where |a| < 1 2 in the above corollary we obtain that for κ > −1 the subordination
It is important to note here that the above result is related to a recent open problem from [1] concerning a subordination property of normalized Bessel functions with different parameters. Now, choosing in the above inequalities p = − 1 2 ), respectively, we obtain for all z ∈ D and |a| < 1 2 the following chain of implications
Here we used the relations
Now we consider the dual of Theorem 1.
Theorem 2. Let f, g ∈ A, p, b ∈ R such that κ > −1, c ∈ C with c = 0 and λ ∈ [0, 1). Let also
Suppose that for all z ∈ D we have
and assume that
Moreover, the function z → B κ+2 (g(z))/z is the best dominant.
Combining Theorems 1 and 2 we get the following sandwich type result.
Corollary 2. Let f, g 1 , g 2 ∈ A and suppose that p, b ∈ R such that κ > −1, λ ∈ [0, 1), c ∈ C with c = 0. Consider the functions Φ 1 , Φ 2 : D → C, defined by
and suppose that for i = 1, 2 and z ∈ D we have
Moreover, assume that
Moreover, the function z → B κ+2,c (g(z))/z and z → B κ+2,c (g 2 (z))/z are the best subordination and the best dominant, respectively.
Finally, let us consider the generalized Libera integral operator
where µ > −1 and f ∈ A. The following theorem is a sandwich-type result involving the generalized Libera integral operator F µ (f ). Re zω
Moreover, the functions z → B κ,c (F µ (g 1 ))(z)/z and z → B κ,c (F µ (g 2 ))(z)/z are the best subordinant and the best dominant, respectively.
Proofs of the Main Results
In this section our aim is to present the proofs of the main results.
Proof of Theorem 1. Let us define the functions φ, ψ : D → C by
We first show that (2.1) implies that for all z ∈ D we have
Differentiating both sides of the first equation in (3.1) and using (1.3) for g ∈ A we obtain (3.3)
Now, differentiating twice both sides of (3.3) yields the following
We note that from (2.1) we obtain that for all z ∈ D, λ ∈ [0, 1) and κ > −1
where we used the inequality
By using Lemma 2, we conclude that the differential equation
has a solution q ∈ H(D) such that q(0) = h(0) = 1. Now, let us consider the expression
From (2.1) it follows that for all z ∈ D we have Re ξ(q(z), zq ′ (z)) > 0. Now, to prove (3.2) we shall apply Lemma 1. Thus, we need to show that Re ξ(is, t) ≤ 0 for all real s and t ≤ − Applying Lemma 1 we obtain that Re q(z) > 0 for all z ∈ D, that is, indeed (3.2) is valid for all z ∈ D. In other, words the function φ is convex in D. Next we prove that subordination condition of this theorem implies that ψ ≺ φ. Without loss of generality, we can assume that φ is analytic and univalent on D and φ ′ (ξ) = 0 for |ξ| = 1. For this purpose, we consider the function (z, t) → L(z, t) defined by L(z, t) = φ(z) + (1 + t) 1 − λ κ + 1 zφ ′ (z), and for i = 1, 2 using the notation q i (z) = 1 + zφ ′′ i (z) φ ′ i (z) after differentiation we get for i = 1, 2 1 + zω
The remaining part of the proof is similar to that of the proof of Theorem 1, and thus we omit the details.
